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Abstract. This paper deals with solutions of the divergence for domains with external 
cusps. It is known that the classic results in standard Sobolev spaces, which are basic in the 
■ variational analysis of the Stokes equations, are not valid for this class of domains. 

' For some bounded domains fl C R" presenting power type cusps of integer dimension 

m < n — 2, we prove the existence of solutions of the equation div u = / in weighted Sobolev 
spaces, where the weights are powers of the distance to the cusp. The results obtained are 
optimal in the sense that the powers cannot be improved. 

As an application, we prove existence and uniqueness of solutions of the Stokes equations 
in appropriate spaces for cuspidal domains. Also, we obtain weighted Korn type inequalities 
for this class of domains. 
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r-| ! 1. Introduction 

> . 

<^ ■ This paper deals with solutions of the divergence in domains with external cusps. Given a 

bounded domain Q C M", it is known that, under appropriate assumptions on il., there exists 
a continuous right inverse of the operator div : ^ Lg(0), 1< p < oo, where L|](17) 

denotes the space of functions in L'p{^}) with vanishing mean value in 0. In other words, 
given any / G Lo(l^), there exists a solution u G of 

C:^; divu = / (1.1) 

^ I satisfying 

O; \\^\\w^'P{n) < C\\f\\Lp{Q), (1-2) 

I where the constant C depends only on Q and p. 

This result has many applications, for example, in the particular case p = 2, it is a basic 
tool for the variational analysis of the Stokes equations and it implies the Korn inequality in 
^ ' its more general form (see for example \BS\ [U] ) . 

^ . Consequently, this problem has been widely studied and several methods to prove the 

existence of u satisfying (II. ip and (II. 2p . under different assumptions on the domain, have 
been developed (see for example [^DMl EEVl El EHl iDRSl iGRl IBJIIL]). 

On the other hand, it is known that this result does not hold for domains with external 
cusps. Several arguments have been given to show this fact [ADLgj iDllGG]. but the oldest 
counterexample goes back to Friedrichs, who showed that an inequality for analytic complex 
functions (which follows easily from the existence of u satisfying (jl.ip and ()1.2p ) does not 
hold in a domain with a quadratic external cusp (see [F]). 

Therefore, it is an interesting question what kind of weaker results can be proved for these 
domains and whether these results can be applied to show the well posedness of the Stokes 
equations in appropriate spaces. Since the problem arises because of the bad behavior of 
the boundary, it seems natural to work with weighted Sobolev spaces where the weights are 
related to the distance to the boundary or to its singularities. 
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Recently, in |DLg| , we have obtained results for planar simply connected Holder-a domains 
working with weights which are powers of the distance to the boundary of 0. The domains 
with external cusps that we are going to consider in this paper are a subclass of the Holder-a 
domains. However, for this particular subclass, it is natural to look for stronger results where 
the distance to the boundary is replaced by the distance to the cusp, which can be a point 
or more generally a set of dimension m < n — 2. To obtain this kind of results is the main 
goal of this paper. 

As mentioned above, an important consequence of the existence of continuous right inverses 
of the divergence is the Korn inequality. We are going to show that the known arguments can 
be extended to some weighted cases allowing us to obtain new weighted Korn inequalities for 
domains with external cusps. 

Our results are optimal in the sense that the powers of the distance to the cusp involved 



in the estimates cannot be improved, this is proved in ADLg . 

As an application we prove the well posedness in appropriate spaces of the Stokes equations 
in domains with external cusps. In the particular two dimensional case similar results were 



proved in our previous paper |DLg but a restriction in the power of the cusp was needed 



(this restriction is removed here). 

The rest of the paper is organized as follows. Since the analysis of the Stokes equations is 
our main motivation, we start developing a generalized variational analysis of these equations, 
this is done in Section [2l Also in this section, we show by a simple example, that the existence 
of solution of the Stokes equations in the standard spaces is not true for cuspidal domains. In 
Section [3] we prove some auxiliary results concerning solutions of the divergence in weighted 
Sobolev spaces for domains which are star-shaped with respect to a ball. Section [4] contains 
our main results, namely, the existence of solutions of the divergence in appropriate spaces 
for cuspidal domains. Finally, Sections [5] and [6] deal with the applications to the Stokes 
equations and to the Korn inequalities respectively. 

We will work with weighted L^-norms. Given a non-negative function uj and a domain 
Q C M" we denote with LP{0,,lo) the Banach space with norm given by 



If to is such that L^[Q,io) C L^(il), Lq{Q,lo) denotes the subspace of L^{Q,,uj) of functions 
with vanishing mean value in 0. 



2. Generalized variational analysis of the Stokes equations 

The goal of this section is to explain the motivation of the main results of this paper, 
namely, the existence of right inverses of the divergence in weighted Sobolev spaces. 

First of all, we show by a simple example that the Stokes system of equations is not well 
posed in the usual Sobolev spaces for domains with external cusps. In view of this fact we 
introduce a generalization of the classic analysis for this kind of domains. We will use the 
usual notations for Sobolev spaces. 

The Stokes equations are given by 



-Au + Vp 

divu 

u 



g 





in 
in ^} 
on d^}. 



(2.1) 



For a bounded domain $7 which is Lipschitz (or more generally a John domain |ADM] ) it 
is known that, if g € H~^{^})^, then there exists a unique solution 
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Moreover, the following a priori estimate holds 

where the constant C depends only on the domain 0. 

Let us show that this result is not valid in general for domains with external cusps. Consider 
for example the domain 

= |x = {xi,X2) G : < xi < 1, \x2\ < x?}. (2.2) 

It is known that there exists a function p G Lq{^) such that Vp G but p ^ L^(r2). A 

simple example given by G. Acosta is p{xi,X2) = ^ — 6. Indeed, by elementary integration 

^1 

one can easily check that p ^ L'^{Q). On the other hand, to see that Vp G H~^{Q)'^, we only 
have to show that ^ G H~^{Q), but this follows from ^ = af; (-^) and G L^{n). 
Consider now the Stokes problem (j2.ip with 

Then, 

(u,p) = (0,^2-6) 

is a solution, but p ^ L^(n). 

One could ask whether another solution in the space H^{^1)'^ x Lq{Q) exists. That this 
is not the case will follow from our general results which, for this particular domain, give 
existence and uniqueness (up to an additive constant in the pressure) in the space 

H^{nf X L'^{n, |x|2) D H^{nf x L^{n) 

and it is easy to see that our solution {0,p) belongs to this larger space. 

Our general existence and uniqueness results for domains with cusps follow from the classic 
theory but replacing the usual Sobolev spaces by appropriate weighted spaces. 

The classic analysis of the Stokes equations is based on the abstract theory for saddle point 
problems given by Brezzi in |Brj (see also the books \BF\ \GK\ IBDF| ). 

Indeed, the weak formulation of (j2.ip can be written as 



a(u,v) +6(v,p) =^g-v VvGF 

b{u,q) =0 VgG Q, ^ ' ' 



where 



and 



a(u,v) = / Du -.Dv 
Jn 

b{'v,p) = / pdivv, 
Jn 

where, for v G //^(O)", Dv is its differential matrix and, given two matrices A = {aij) and 
B = (bij) in M"X", A:B = Zlj=i = ci^,bij. 

The abstract theory gives existence and uniqueness for (j2.3p when a and b are continuous 
bilinear forms, a is coercive on the kernel of the operator B : V ^ Q' associated with 6, and 
b satisfies the inf-sup condition 

mf sup — 7 — 7^ > 0. 
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In the case of the Stokes problem, if we choose the spaces V = Hq{^)^ and Q = Lq{Q), con- 
tinuity of the bihnear forms and coercivity of a follow immediately by Schwarz and Poincare 
inequalities. Therefore, the problem reduces to prove the inf-sup condition for b which reads 

fo q div V 

inf sup > 0. (2.4) 

It is well known that this condition is equivalent to the existence of solutions of divu = /, 
for any / G Lo(^)> with u G i^o(ri)" satisfying ||u||j;^i(s^)n < C||/||i2(n). 

Observe that in the above example of cuspidal domain, the condition (12. 4p does not hold, 
because it would imply existence of solution (u,p) G /^iKn)" x Lq(J7) for any g G H~^{fl)'^ 
and we have shown that this is not possible. 

For domains such that (12. 4p is not valid, the idea is to replace this condition by a weaker 
one. With this goal we will work with weighted norms. 

We will use the following facts for uj G L^{Q,) which are easy to see. First, L^{n,uj-^) C 
L^{il) and therefore Lq{^1,u!~^) is well defined, and second, the integral J^qco is well defined 
for q G L^(r2,u;) and therefore we can define the space 



We have the following generalization of the classic result which will be useful for cuspidal 
domains. 

Theorem 2.1. Let lu G L^{Q) be a positive weight. Assume that for any f G Lq[Q,uj~^) 
there exists u G Hq{Q,)^ such that divu = f and 

with a constant Ci depending only on and uj. Then, for any g G H~^{yL)'^ , there exists a 
unique (u,j>) G Hq{^)'^ x L^Q(il,tij) solution of the Stokes problem /i2.1]) . Moreover, 

W^Wh^q)" + \\p\\L2(n,uj) < C'2||g||//-i(n)") 
where C2 depends only on Ci and 

Proof. We apply the general abstract theory for saddle point problems with appropriate 
spaces. 

For the pressure we introduce the space Q = L'^q{Q,,u>) with the norm \\q\\Q = \\q\\L^{Q,w)- 
Since we are modifying the pressure space, we have to enlarge the H^-norm of the velocity 
space in order to preserve continuity of the bilinear form b. Then, we define 

y = |v G i^oH^^r : divv G L'^{n,uJ-^)^ 

with the norm given by 

Since ||v|| j^^i^Q^n < ||v||y the continuity oi a in V x V follows immediately by Schwarz 
inequality. Also, from the definitions of the spaces it is easy to see that b is continuous on 
VxQ. 

On the other hand, coercivity of a, in the norm of V, on the kernel of the operator B 
follows from Poincare inequality because this kernel consists of divergence free vector fields. 
Therefore, to apply the general theory it only rests to prove the inf-sup condition 

Co q div V 

inf sup ,, ^, „ „ > 0. (2.5) 
o^qgQo^vgV ll9llQl|v||y 



But this follows in a standard way. Indeed, given q € Q it follows from our hypothesis that 
there exists u G Hq{^)^ such that divu = qcu and 

l|u||/fl(n)" < C'l|k'^llL2{C,a;-l) = C'llkllQ- 

Moreover, since ||divu||j;^2(Q^j^-i) = ||(/||q we have 

||u||y < CWqWq, 

with C depending only on Ci. 
Then, 

II II _ Inll^ ^ J^gdivu 

1^1 Q - -n-n — < II II 

Ikllg l|u||v 

and therefore (12.51) holds. □ 



As an example let us mention that the hypothesis of the theorem holds for the case of the 
cuspidal domain introduced in (j2.2p with lo{x) = This result is a particular case of the 
general results that we are going to prove in Section HI Consequently, there is a unique weak 
solution (u,p) G Hq{Q)'^ x Lq(0, of the Stokes equations ()2.ip in this domain. 

3. Solutions of the divergence in star-shaped domains 

We will work with weighted Sobolev spaces. Given weights uji,uj2 ■ [0,oo], for any 

domain U C and 1 < p < oo, we define 

W''PiU,u;uu;2) = |/ G L^'(f/,wi) : ^ G LP([/,u;2), 1 < . < n| 

u;2(a;) dx. 



with the norm given by 

df{x-^ P 



p 

W'^'P{U,UJ1,UJ2) 



dxi 



IV n 

To simplify notation we will write W^''^(\J ^lo) instead of P^^'^(C/, w, w). 

To prove our main results concerning solutions of the divergence in cuspidal domains, we 
will make use of the existence of solutions in weighted Sobolev spaces for good domains. 

We will work with weights in the Muckenhoupt class (see for example jPul IS2j ) . Recall 
that, for 1 < p < oo, a non-negative weight defined in M" is in if 



1 I' \ \ 



where the supremum is taken over all the balls B C M" and \B\ denotes the Lebesgue measure 
of B. It is known that, if u; G A^^ the spaces W^^'^iJ] ^ui) and LP{U,lo) are Banach spaces (see 

Remark 3.1. If U is a bounded domain and lo £ Ap then, LP(C/, w) C L^{U). Indeed, let B 
a ball containing U . We have, 

I/I = l^\f\u;^/Pu;~yP < (^l^lflPu^Y' y^^^^^ 



u 



\B\ 



B 



{p-l)/p 



In view of this remark the space Lq{U, uj) is well defined. We will work also with the space 
Wo'^{U,io) defined as the closure of ^^(^7) in W^'P{U,uj). 

Now we give the auxiliary result that we need. We state it as a theorem since it can be 
of interest in itself. We outline a proof based on Bogovskii's formula for solutions of the 
divergence (HI \DM\ [G] . An alternative proof of this result was given in |DRS| . 



Theorem 3.1. Let uj £ Ap, 1 < p < oo, and U C M" be a bounded domain which is star- 
shaped with respect to a ball B C U. Given f € Lq{U,lo), there exists u G Wq'^{U,uj)^ 
satisfying 

div u = / 

and 

\\^\\w^'P{U,uj) < C'll/llLP(f/,w); (3-1) 

with a constant C depending only on to, U , p and n. 

Proof. Using general results for singular integral operators we are going to show that the 
explicit solution of divu = / introduced by Bogovskii in [B] (see also [DMl [G]) satisfies the 
desired property. In what follows we consider / defined in R" extending it by zero to the 
complement of U . 

Bogovskii's solution can be written as 

u{x) = / G{x,y) f{y)dy 
Ju 

with G(x, y) = (Gi, . . . , G„) given by 

G(x, y) = ^(y) ^^^ct^ {y + ^) ds, 

where (p G C^{B) is such that j^ip = \ and ^ G C^(M") is a regularized characteristic of 
[/, i. e., ip{y) = 1 for any y € U and ip is supported in a neighborhood of U. 

In what follows the letter C denotes a generic constant which may depend on n, p, (p, to, 
and the diameter of U, that we will call d, but is independent of / and u. 

Let us first see that u G LP{U,lo)'^. It is known that (see [DMl [G]) 

\G{x,y)\<- (3.2) 

\x — y\ 



Using (j3.2p we have, for x , 

|u(x)| < C j I \„„J /(j/)|dy < C / I \„_J /(j/)|% 

oo 

oo „ /r)fc+l\»^-l 

s c^E/, ^,^^,^,(— ) 

A;=0 ^E+T<I2^ ^l<^ ^ ^ 
oo 

^ ^E^"' i». / |/(y)| < CM/(x), 

where M/ denotes the Hardy-Littlewood maximal function of /. Since uj G Ap, the maximal 
operator is bounded in LP(M",u;) (see for example |Dul IS2j ). and therefore 

l|u||LP(C7,c^)n < C\\f\\Lp(ij^^^y (3.3) 

Now, to see that the first derivatives of the components Uj of u are also in L'P{U,uj) we use 
that this derivatives can be written in the following way (see [DM^ IG]). 



^.=f^jf + T^,f, 



where ipij is a function bounded by a constant depending only on (p and 

I' dC 

Tijfix) = lim ^(x,y)fiy)dy. 

Therefore, to prove (|3.ip it only remains to prove that the operators Tij are bounded in 
LP(W',Lo). 

It was shown in [DMt iG] that Tij is continuous in LP{W) by using the Calderon-Zygmund 
singular integral operator theory developed in |CZj . 

We were not able to find in the literature that a general operator of the form considered 
in |CZj is continuous in LP{W^,uj) for uj G Ap. However, such a continuity result is known to 
hold for an operator of the form 

Tf{x) = lini / K{x,y)f{y)dy 

"-^^ J\y~x\>e 

which is bounded in and with a kernel satisfying 

\K{x,y)\<-^, (3.4) 



\x — ?/|" ' 



and the so called Hormander conditions, namely. 



and 



\K{x, y) - K{x', y)\ < C-^^-^ if |x - y| > 2\x - x'\ 

\x y\ 



\K{x, y) - K{x, y')\ < C f^i k " ^1 > 2|y - y'\ 

y\ 

see [SH page 221]. 
For Tij we have 

where 5ij denotes the Kronecker symbol. 

This kernel satisfies ()3.4p ( |DMl [G] ) and also the Hormander conditions (this was proved 
in [N]). 

In conclusion we obtain that, for any i,j, 



duj 



<C\\f\\L.iU,.) 

LP{U,uj) 



dxi 

which together with (j3.3p gives (j3.1l) . 

To end the proof we have to show that u vanishes at the boundary, i.e., u E VFq '^({7, w)". 
For an arbitrary weight this is not obvious from the definition of u. However, once that 
we know the estimate (13. 3p we can prove it by density. We omit details because they are 
standard. 

□ 



Remark 3.2. If the weight co in the previous Theorem is a power of the distance to the origin 
(which is one of the case of interest in our applications to Stokes) it is not necessary to use 
the Hormander conditions. Indeed, in this case 13. 1\) can be proved using the results in ([Slj ). 



4. Solutions of the divergence in cuspidal domains 

In this section we prove the existence of solutions of the divergence in weighted Sobolev 
spaces for domains with an external cusp. 

We consider the following class of domains. Given integer numbers A; > 1 and m > we 
define 



{ix,y,z) G/xM^ X/™ : |y| < x^} C M", (4.1) 



where n = m + k + 1, I is the interval (0, 1) and 7 > 1. 

For 7 = 1, O is a convex domain while, for 7 > 1, has an external cusp. The set of 
singularities of the boundary, which has dimension m, will be called M. Namely, 

M = {0} X [0, 1]'" C M^+i X M™. (4.2) 

We will work with weighted Sobolev spaces where the weights are powers of the distance to 
M that will be called (Im- Precisely, we will use the spaces L^{Q, dFj^) and W^'P{Q, dFj^^ ,dFj^') 
where /3, Pi and (52 are real numbers. For (3i = (32 = (3 we will write W^'P{Q,dF^) instead 
of 1^-^(0, (fj^, (fj^). It is well known that these spaces are Banach spaces (see |Ku| . Theorem 
3.6. for details). 

We consider (Im defined everywhere in and we are going to use the following result that 
we state lemma for the sake of clarity. 

Lemma 4.1. // — (n — m) < /j, < {n — m){p — 1) then, d^^ G Ap. 



Proof. It follows from the more general result proved in Lemma 3.3 of DLg . Indeed, calling 
dp the distance to a compact set F C M"", it was proved in that paper that dp G Ap whenever 
the m-dimensional Hausdorff measure of B{x,r) n -F is equivalent to r™', for all x G -F and 
r < diam{F). □ 

In what follows we will use several times that, for (x, y, z) G 17, dM{x, y, z) ~ x, where the 
symbol ~ denotes equivalence up to multiplicative constants. Indeed, it is easy to see that 
X < dM{x,y,z) = \{x,y)\ < {\/2)x. 

In the proof of the main result of this section we will use the Hardy type inequality given 
in the next lemma. 



Lemma 4.2. Let ^ be the domain defined in |^.i[ ) and 1 < p < 00. Given k £ R, if 
V G WQ'^{Q,dF^^) then, v/x G LP{Q,dF^) and there exists constant C, depending only on p 
and K, such that 

11 Fill 

(4.3) 



< C 



dx 



Consequently, WQ'^{Q,d^^'^) is continuously imbedded in VFq '^(O, d^j'" ^\d^). 
Proof Let (j) G C^{a, 1), where < a < 1. Then, 



Indeed, integrating by parts and applying the Holder inequality we have 
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(x)\P xP^'-P 



-P+^ Ja 



< |<^(2;)r"^ U'(x)\ xP'^-P^^ 



a 



< 1 r / xP^~p] / U'{x)\^ xP'' 



\pK-p+l\ \Ja 

\ {'p—l)/p 

J |</>(a;)|^ xP'^~Pj we obtain (j4.4p . 



Now, by a density argument it is enough to prove (|4.3|) for v € C^{Q). Using (|4.4|) we 
have 



[ \v{x,y,z)\PxP''-P dxdydz = [ [ [ 



< C 



c 



n 



v{x,y, z)\P xP'^ P dxdydz 

h 

P 

xP'^ dxdydz 



dxdydz. 





dv{x,y,z) 




dx 



dx 

To conclude the proof we use that dM{x,y,z) ~ x and therefore, that Wq'P{Q,(F^j) is 
continuously imbedded in VFQ^'^(r2, d^j'^ ^\dF^^) follows from (j4.3p . □ 

We can now prove the main result of this section. 

Theorem 4.1. Let ft be the domain defined in for a fixed j > 1, M defined as in Ii4-^ , 
andKp <oo. If (3 £ ( "^^^""^^ - ^^^^^ - ^) and r] £ R is such thatr]> P + 

then, given f G LP{n,dPj^), there exists u G WQ'P{n,d^jij' ^\dP^^Y satisfying 

div u = / (4.5) 

and 

with a constant C depending only on 7, (3, r], p and n. 

Proof. It is enough to prove the result for the case r/ = /3 + 7 — 1 . Therefore we are going to 
consider this case. 
Define 

n = {(x,y,z) G / X M*^ X I™' : \y\ < x} C (4.7) 

and let F : — > be the one-to-one application given by 

F{x,y,z) = (x",y,i) = {x,y,z), 

where a = I/7. 

By this change of variables we associate functions defined in with functions defined in 
Q in the following way, 

Kx,y,z) = h{x,y,z). 
Now, for / G LP{Q, dFj^), we define g : ^ Q, hy 

g{x,y,z) := ax'^'^ f {x , y , z) . 

We want to apply Theorem 13.11 for g on the convex domain and then obtain the desired 
solution of (|4.5p by using the so called Piola transform for vector fields. 
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In the rest of the proof we will use several times that, for {x,y,z) £ 0, dM{x,y,z) ~ x, 
det DF{x, y, z) = ax°'~^ and det DF~^{x, y, z) = ^x^~^ . 
First let us see that, for /3 = a (/3 + (7 — we have 



g G and ll^ll^,^^^,.^) ^ (4-8) 



Indeed, we have 



and 



= [ 

Jn 

fg = af = a [ fx'-^jx^-' = [ f = 

Jn Jn Jn Jn 



Thus, (USD holds. 



Observe that, from Lemma (|4.ip and our hypothesis on /?, we have S Ap. In particular, 
it follows from Remark 13.11 that g G L^(il) and therefore the mean value of / in is well 
defined. 

Now, from Theorem 13. II we know that there exists v G Wq'^{Q,(F^^)"' such that 

divv = ^ (4.9) 

and 

Now, we define u as the Piola transform of v, namely, 

u(x, y, z) = ^^^jjjp ^^i^^ y, z) 

or equivalently, if v = (-Di, . . . , Vn), 

u{x,y,z) = 7x^"^ {ax^~^vi{x^,y,z),V2{x^,y,z), . . . , Vn{x'^ , y , z)) . 
Then, using (j4.9p . it is easy to see that 

div u = /. 

To prove (14. 6p we first show that 



\Mw^,p{n,dTj)" ^ '^\\f\\LP{n4''£y (^-H) 

In view of the equivalence of norms given in ()4.8p and the estimate (|4.10p , to prove (j4.1ip it 
is enough to see that 

< C||v||^,_^^^_^,^^„. (4.12) 

But, we have 



\'^^\\Lp{n,dl] 



/ luil^P'' = a /" ~ ll-OilP (4.13) 

Jn Jn ''LP{n4t) 

where in the last step we have used aprj + a — 1 = pj3. In an analogous way we can show 
that, for j = 2, . . . , n, 

\\^ALP{n,dZ)^^\\^^\LPin,dty 
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Then, it only remains to bound the derivatives of the components of u. That 



dui 


p 


dvi 


p 


dyi 




dyi 


Lp{n4t) 



fohows exactly as (|4.13|) . Let us now estimate Using 



du2 




dx 





7-1 V2{x'^, y, z) ^ dv2{x'^, y, z) 



and Lemma 14.21 for Vt we have 



dx 



.2(7-1) 



dx 



Lv{n,dT,) 



du-2 



dx 



< C 



xf" < C 
dv2 







p 


( 




+ 




X 







V2 


p 


dv2 


( 


X 


+ 


dx 



dx 



dvo 



dx 



i.pP 



dvo 



dx 



Lp{n,dZ) 



where we have used again apr] + a — 1 = pf5 and that 2p(l — a) > 0. 

All the other derivatives of the components of u can be bounded in an analogous way and 
therefore (|4.12p holds. 

Now, since 

1 



det DF 



it is easy to check that u belongs to the closure of (7^(0)", i. e., u G 14^q^'^(0, d^)" and by 
LemmaSJu G t^o^'P(f), 4""'), d^^/)" as we wanted to show. 



□ 



7(n— -m) 



2^ is necessary in order to have the 

■yln—m) 7— 1 •, • , 

„/ - it IS easy to 



Remark 4.1. The hypothesis that (3 < 

condition /q / = well defined for f G L^(0, d^). Indeed, if P > 
check that f{x,y,z) = (1 - logx)-!^^"^-^^"-"*) belongs to ^^(O,^^) \ L^{n). 

Remark 4.2. It can be shown that the condition r] > P + j— 1 assumed in the theorem is also 
necessary. Indeed, ifr] — (5 < 7— 1, it can be shown by generalizations of the example presented 
in Section\^ that there exists f G L^{Q,,d^j^j) such that a solution u of \4-^ satisfying {4-(^ 
does not exist (see ADLg| for the details). 



5. Application to the Stokes equations 

In this section we show how the results obtained in the previous section can be applied to 
prove the well posedness of the Stokes equations in appropriate weighted Sobolev spaces for 
cuspidal domains. 

Indeed, combining the variational analysis given in Sections [2] with the results in Section 
|4]we obtain the following theorem. 

Theorem 5.1. Given 7 > 1, let be the domain defined in If g ^ H~^{^)"' then, 

there exists a unique {u,p) G Fo(f^)" X L'^{^,d^M ^^)' w^'th P satisfying J^pd}/ = 0, 
weak solution of the Stokes equations ^2.1\) . Moreover, 



with a constant C depending only on 7 and n. 
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Proof. Consider the particular case 77 = 0, /3 = 1 — 7 and p = 2 m Theorem 14. 1[ It is easy to 
check that in this case /? satisfies the hypothesis of that theorem for any values of n and m 
(recall that m < n — 2), i. e, 

-7(72 — m) 7 — 1 "fin — m) 7 — 1 ' 



/?= i-7e 

Then, given / G Lo(0,d^"^ "'^) there exists u G Hq{Q,)'"- satisfying 

div u = / 

and 

with a constant C depending only on 7 and n. Therefore, the result follows immediately 
from Theorem 12.11 □ 

In the next corollary we show the well posedness of the Stokes equations in standard spaces. 

Corollary 5.1. Given 7 > 1, let Q be the domain defined in (^TTp and g G H~^{Q)'^. If 
is defined by 

4(7 - 1) 

'■°"^"7(A; + 2)-i- 

Then, rg > 0, and for < r < rQ, there exists a unique (u,p) G Hq{Q)^ x L'^(Q), with p 

satisfying j^pd^^j = 0, weak solution of the Stokes equations i2.1\) . Moreover, there exists 
a constant C depending only on n, 7 and r such that 

\\^\\Hl^{n)" + ll?'llL'-{n) < C'l|g|U-i(n)"- 
In particular, if k > 2, or k = 1 and 7 < 3, p G L^{Q,). 

Proof. Since 7 > 1 and /c > 1 it follows that ro > 0. Now, given a positive r < tq it is enough 
to see that, if (u,p) is the solution given by Theorem 15.11 then p G L^(r2) and 

WPhrin) < C\\p\\^,^^^^2i.-l)y (5.1) 

It is easy to see that Jo^d^^ < +00 for any s > —7/0 — 1. Then, applying the Holder 
inequality with 2/r and its dual exponent we have 

2(1 ) 

\\P\\L-{n) - \P\ %f Hi ^ ll^llL2m.d^'7-^h L^^' 



n 



Since r < tq, we have (2(1 — j)r)/{2 — r) > — 7A; — 1, and so the integral on the right hand 
side is finite. Therefore, (|5.ip is proved. Finally, if > 2, or /c = 1 and 7 < 3, it is easy to 
check that tq > 1 and therefore p G L^{Q). □ 

To end this section let us show the results of the above theorem and corollary in the 
particular cases n = 2 and n = 3. We will use here the usual notation x = (xi, X2) G M? or 
X = {xi,X2,X3) G M^. 

For n = 2 we have m = and, for 7 > 1, the domain is 

= |x = (xi,X2) G : < xi < 1 , \x2\ < xJY 

In this case M = (0,0) and therefore dM{x) = \x\. Then, for g G H^^{i),)'^, there exists a 
unique 

(u,p) G H^inf X l2(o,|x|2(^-i)), 

with p satisfying /^P l^;]^^"^"^^ = 0, weak solution of the Stokes equations . Moreover, 

l|u||/fi(c)2 + llp|lL2(n,|xp{7-i)) < C'l|g||//-i(f7)2 (5.2) 
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and, for r < 2 — ^^rr') 

IIpIIl'-(Q) < C'l|g||H-i(n)2 (5-3) 
with a constant C depending only on 7 and r. 

For n = 3 we have the two possible cases m = or m = 1. In the first case the domain 
has a cuspidal point and is given by 



X = {xi,X2,X3) G : < xi < 1 , \Jxl + xl < x^j. 



dimension. The only difference is that now r < 2 — 4^31 • Observe that in particular, in this 



In this case we obtain exactly the same estimates ()5.2p and ()5.3p with obvious changes of 

4(7-1) 

case p G L^{^). 

Finally, when m = 1, the domain has a cuspidal edge and is given by 

= |x = {xi,X2,X3) gM^: 0<xi<l,0<X3<l, \x2\ < x]"! 
and, defining x = (xi,X2), we have dM{x) = |x| and the a priori estimates 

+ llf'llL2(n,|5;|2(^-i)) ^ C'l|g||H-i(t^)3 

and, for r < 2 — , 

l|p||L'-(n) < C'l|g||H-i{n)3- 
6. Weighted Korn type inequalities 

Important and well-known consequences of the existence of a right inverse of the divergence 
operator in Sobolev spaces are the different cases of Korn inequalities. It is also known that 
the classic first and second cases (in the terminology introduced by Korn) can be derived 
from the following inequality, 

ll-^v||iP(Q)„xn < C {\\^\\LP{nY + lk('^)llLp(n)"X"} ) (6-1) 
where we are using the usual notation for the symmetric part of the differential matrix Dv 
of a vector field {vi, . . . ^ Vn), namely, 

, , 1 / dvi dvj 

"^^■^") = H^ + 9^ 

For the cuspidal domains that we are considering this inequality is not valid (counterexamples 
are given in |ADLg , IGGl IWj ) . In view of our results on solutions of the divergence it is natural 



to look for Korn type inequalities in weighted Sobolev spaces. For general Holder a domains, 
inequalities of this kind were obtained in [ADLj using weights which are powers of the distance 
to the boundary. Here we are interested in stronger results for the particular class of Holder 
a domains defined in (14. ip . We are going to prove estimates in norms involving the distance 
to the cusp. 

It is not straightforward to generalize the classic arguments to derive Korn inequalities 
from the existence of right inverses of the divergence to the weighted case. We do not know 
how to do it if we work with weighted norms in both sides of the inequality (j6.ip . Therefore, 
we are going to prove a result for a general weight and afterwards, we will obtain more general 
inequalities for the case of weights which are powers of the distance to the cusp, using an 
argument introduced in [BKj . 

Let us mention that in what follows we state and prove several inequalities assuming that 
the left hand side is finite. Afterwards, by density arguments, one can conclude that these 
inequalities are valid whenever the right hand side is finite. This is a usual procedure. 

Given 1 < p < 00, a domain U C M", and a weight uj, we denote with W'^'P' {U,uj^-p') 
the dual space of Wq'^{U,uj). Observe that W-^'P{U,io) = W^'^' {U,uj^~p'). 
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Lemma 6.1. Given a weight uj, a hounded domain U C M", and 1 < p < oo, assume that 
for any g ^ Lq (U) there exists u G Wq'^ {U,oj^~^ )" such that divu = g and 

l|u||vi/i,p'((7^j^i-p')n < C'lls'll^p/j-^-), 

with a constant C depending only on U , p, and uj. Fix an open ball B C U . Then, for any 
f G LPiU), 

\\f\\LP{U) < C'{II/IIh/-i>p{B) + l|V/llvK-i>P(!7,L^)"} : 
where the constant C depends only on U , B, p, and lo. 

Proof. Take / G U'{U). If / denotes the mean value of / over U we have, for g G L^' (U), 

U-I)9= [ if-m-g). 
Jv 

But, from our hypothesis, there exists a solution u G Wq''' {U,uj^~^ )" of divu = g — g 
satisfying 

ll"llvi/i.p'(C/,Lji-p')" - ^Wd - 9\\lp'{U)- 

Thus, 



{f-f)g= / (/-/)divU < ||V/||vi/-l,P(C/,a;)"||u||iyl,p'([;^l-p')„ 

< f\\w-^'P{U,uu)A\9 - 9\\lp'{u)- 

Therefore, by duality, 

II/-/1lp(c/)<C||V/||h.-i,.(c/,.).. (6.2) 

Now, we decompose / as 

f = {f-f^) + 

where := ff with 93 G C^{B) such that j^ip = \. Thus, 

f-U = f-f + [ if-f)^, 

Jb 

and so, using (|6.2|) . 

11/ - U\\lp{U) ^ (1 + \\^\\lp'{B)) 11/ ~ f\\LP{U) < C'l|V/||H/-i,P(f/,^)«. 

Therefore, to conclude the proof we have to estimate ||/(pI|lp(c/)- But, 

||/^||l.(c/) < [jf <\uMf\\w-^,piB)M^y^j,y 



B 



□ 



Using this lemma we can generalize a classic argument to prove a Korn type inequality 
obtaining the following result. 

Theorem 6.1. Given a weight ui, a bounded domain U C M", and 1 < p < 00, assume that 
for any g £ Lq [U) there exists u G Wq'^ {U,u>^~p')"' such that divu = g and 

I|u||vi/I,p'((7,a;l-P')" - C'||5'IIlp'((7)> 

with a constant C depending only on U , p, and to. Fix an open hall B C U . Then, for any 
V G 

^ { ||v||j;^p(B)n + ||e(v)||ip((/^^)nxn} , 

where the constant C depends only on U, B, p, and uj. 
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Proof. It is known that, for any g £ L^{B), 

dg 

Anafogously, for any g € LP{U,u>), we have 



dg 



dxj 



< IbllLP(S)- 

r o-^ 

Juydx, 



sup 



On the other hand, applying Lemma |6. 11 we have 



dvi 



dxi 



< C 



LP(U) 



dvi 



+ 



dvi 



< I|9||lp(;7,<^)- 



(6.3) 



(6.4) 



W-^-P(B) 



V 



w~'^'P{u,u]Y 



Using now the weU known identity 



dxjdxk dx 



dxi 



dxi 



we conclude the 

□ 



in the last term on the right hand side, and the inequalities (|6.3p and ([6 
proof. 

An immediate consequence of Theorems 16.11 and 14.11 is the following. 

Corollary 6.1. Given 7 > 1, let he the domain defined in (^^), M defined in Iji4-^ , 
1 < p < 00, and B d an open hall. Then, there exists a constant C , which depends only 
on Q., B, and p, such that for all u G W^''^{i^), 



\Du\ 



Lp(ny' 



'P'(7-l)\n 
M ) 



Proof. According to Theorem 14.11 for any g £ Lq (Q) there exists u G Wq'^ (O, d' 
such that div u = g and 

with a constant C depending only on 7 and p. Therefore, Theorem 16.11 applies for lo 



d' 



rP(l-7) 
M 



□ 



We conclude the paper proving more general Korn type inequalities for the cuspidal do- 
mains defined in (j4.1|) . To obtain these inequalities we use an argument introduced in |BKj . 



Theorem 6.2. Given 7 > 1, let Q, he the domain defined in (i4.1\ ), M defined in 

1 < p < 00, Ban an open hall, and /3 > 0. Then, there exists a constant C , which depends 

only on Q., B, p, and (5, such that for all u G W^'P{^, d^^j) 

\\^^hp{n,dfjrx-^ ^ '^{M\lp{B)-^ + ll^(")llLP{Q,<''+l-^))"xn} • 

Proof. To simplify the notation we will assume that m = in the definition of J7. The other 
cases can be treated analogously. 

Let n' G No and < s < 7 be such that sn' = pfi. As in |BKj we introduce 

Q^'^' = {(x, y, /) G M"+"' : (rc, y) G f], / G M"' with \z'\ < x']. (6.5) 

Suppose that the hypothesis in Theorem 16.11 on solutions of the divergence is verified for 
U = ri" and uj = x'^^^~'^\ Then, if B' C ^2" is a ball with the same radius and center 
than B, we have 



for ah V G p^i:P(f]"'.«)"+"'_ 



I'^IIlp(_B')"+"' llLP(Sl'i',s,xP(l--T))("+"')x{n+n') I 5 (6-6) 
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Now, given u in W^'^{il,d^)"' we define 

v(3;,y,2;') = {u{x , y) , 0^^^^^) . 

n' 

Then, using that for {x,y) G fl, dM{x,y) ~ x, it is easy to check that (16.6P is equivalent to 

Hence, to finish the proof we have to verify the hypothesis of Theorem 16.11 for the domain 
with the weight lv = x^^^~"'\ Since in this case uj^~'p = x^ ^ we have to show that, 
for any g £ Lg'(0'"''^), there exists w G x^'^^"^))" such that divw = g and 

ll'^lliyi'P'{Q"'''=,a;P'(^-i))" — 

But this can be proved exactly as Theorem l4.lt using now the convex domain 

f^"''^ := {{x,y,z') G M"+"' : {x,y) e h, z' € R"' with \z'\ < x"^}, 
with Q defined as in (j4.7p . and the one-to-one map i? : ,s ^ 0" defined by 

F{x,y,z') :=(x",y,i'). 

□ 

References 

[ADL] G. ACOSTA, R. G. Duran and A. L. Lombardi, Weighted Pomcare and Kom inequalities for Holder 

a domains, Math. Meth. Appl. Sci. (MMAS) 29(4) (2006), pp. 387-400. 
[ADLg] G. AcosTA, R. G. Duran and F. Lopez Garcia, work in progress. 

[ADM] G. AcoSTA, R. G. Duran and M. A. Muschietti, Solutions of the divergence operator on John 

Domains, Advances in Mathematics 206(2) (2006), pp. 373-401. 
[ASV] D. N. Arnold, L. R. Scott and M. Vogelius, Regular inversion of the divergence operator with 

Dirichlet boundary conditions on a polygon, Ann. Scuola Norm. Sup. Pisa CI. Sci-Serie IV XV (1988), 

pp. 169-192. 

[BA] I. Babuska and A. K. Aziz, Survey lectures on the mathematical foundation of the finite element 
method, in The Mathematical Foundations of the Finite Element Method with Applications to Partial 
Differential Equations, A. K. Aziz, ed.. Academic Press, New York (1972), pp. 5-539. 

[BDF] D. BoFFi, F. Brezzi, L. F. Demkowicz, R. G. Duran, R. S. Falk and M. Fortin, Finite ele- 
ments, compatibility conditions, and applications. Edited by BofE and Lucia Gastaldi. Lecture Notes 
in Mathematics, 1939. Springer- Verlag, Berlin. 

[B] M. E. BOGOVSKll, Solution of the first boundary value problem for the equation of continuity of an 
incompressible medium, Soviet Math. Dokl. 20 (1979), pp. 1094-1098. 

[BS] S. C. Brenner and L. R. Scott, The Mathematical Theory of Finite Element Methods, Springer- 
Verlag, Berlin, 1994. 

[Br] F. Brezzi, On the existence, uniqueness and approximation of saddle-point problems arising from 
Lagrangian multipliers. Rev. Frangaise Automat. Informat. Recherche Operationnelle Ser. Rouge 8 
(1974), pp. 129-151. 

[BF] F. Brezzi and M. Fortin, Mixed and hybrid finite element methods. Springer Series in Computational 

Mathematics, 15, Springer- Verlag, New York, 1991. 
[BK] S. M. Buckley and P. Koskela, New Poincare inequalities from old, Annales Academiae Scientiarum 

Fennicae Mathematica 23 (1998), pp. 251-260. 
[CZ] A. P. Calderon and A. Zygmund, On singular integrals, Amer. J. Math. 78 (1956), pp. 289-309. 

[C] P. G. ClARLET, Introduction to linear shell theory. Series in Applied Mathematics, P. G. Ciarlet and 
P. L. Lions, eds., Gauthier-Villars, 1998. 

[DRS] L. DiENiNG, M. RuziCKA AND K. Schumacher, A decomposition technique for John domains, to 
appear in Annales Academiae Scientiarum Fennicae (2009). 

[Du] Javier Duoandikoetxea, Fourier analysis. Graduate Studies in Mathematics, 29, American Mathe- 
matical Society, 2001. 

[D] R. G. Duran, The inf-sup condition for the Stokes equations: A constructive approach in general 
domains, Mathematisches Forschungsinstitut Oberwolfach, Workshop on Gemischte und nicht-standard 
Finite-Elemente-Methoden mit Anwendungen, Extended abstract. Report No. 5 (2005), pp. 270-272. 



17 



[DLg] R. G. DuRAN AND F. Lopez Garcia, Solutions of the divergence and analysis of the Stokes equations 

in planar Holder-a domains, to appear in M^AS (2010). 
[DM] R. G. DuRAN AND M. A. MUSCHIETTI, An explicit right inverse of the divergence operator which is 

continuous in weighted norms, Studia Math. 148 (3) (2001), pp. 207-219. 

[F] K. O. Friedrichs, On the boundary-value problems of the theory of elasticity and Korn's inequality, 
Ann. Math, 48 (1947), pp. 441-471. 

[G] G. P. Galdi, An introduction to the mathematical theory of the Navier-Stokes equations. Vol. I, 
Springer, 1994, Linearized steady problems. 

[GG] G. Geymonat, G. Gilardi, Contre-exemples d I'inegalite de Korn et au Lemme de Lions dans des 
domaines irreguliers. Equations aux Derivees Partielles et Apphcations, Gauthiers-ViUars (1998), pp. 
541-548. 

[GR] V. GiRAULT AND P. A. Raviart, Finite Element Methods for Navier-Stokes Equations, Springer- 
Verlag, Berhn, 1986. 

[GU] V. Gol'dshtein and A. Ukhlov, Weighted Sobolev spaces and embedding theorems, Trans. Amer. 

Math. Soc. 361 (2009), pp. 3829-3850. 
[Ki] T. KiLPELAlNEN, Weighted Sobolev spaces and capacity, Annales Academiae Scientiarum Fennicae, Series 

A. I. Mathematica. VoL 19 (1994), pp. 95-113. 
[Ku] A. KuFNER, Weighted Sobolev Spaces, John Wiley & Sons, Inc., New York, 1985. 
[L] O. A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow, Gordon and 

Breach, New York, 1969. 

[N] F. Nicolas, Inverse of the divergence in Hardy Spaces on star-shaped domains. Preprint (2008). 
[SI] E. M. Stein, Note on singular integrals. Proceedings of the American Mathematical Society, Vol. 8, 
No. 2 (1957), pp. 250-254. 

[S2] E. M. Stein, Harmonic analysis; real-variable methods, orthogonality, and Oscillatory integrals, 
Princeton Mathematical Series 43, Monographs in Harmonic Analysis HI, Princeton University Press, 
Princeton, NY, 1993. 

[W] N. Weck, Local compactness for linear elasticity in irregular domains. Math. Meth. Appl. Sci. 17 
(1994), pp. 107-113. 

Departamento de Matematica, Facultad de Ciencias Exactas y Naturales, Universidad de 
Buenos Aires, 1428 Buenos Aires, Argentina. 
E-mail address: rduranOdm.uba.ar 

Departamento de Matematica, Facultad de Ciencias Exactas y Naturales, Universidad de 
Buenos Aires, 1428 Buenos Aires, Argentina. 
E-mail address: flopezgOdm.uba.ar 



